We prove that, for each positive integer n ≥ 2, there is an infinite arithmetic family of hyperelliptic curves of genus n violating the Hasse principle explained by the Brauer-Manin obstruction. Using these families of curves, we show that, for any positive integer k ≥ 1, there are infinitely many algebraic and arithmetic families of forms in three variables of degree 4k + 2 such that they are counterexamples to the Hasse principle explained by the Brauer-Manin obstruction.
Introduction
A smooth geometrically irreducible variety V over a global field k is said to violate the Hasse principle if V(k) = ∅ but V(A k ) = ∅. In other words, the everywhere locally solvability of V does not imply the global solvability. Furthermore, if we also have V(A k ) Br = ∅, we say that V is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. When the local solvability of V is equivalent to the global solvability, i.e. V has a point over each local field k v if and only if V has a point over k, we say that V satisfies the Hasse principle. In 1921, Hasse proved that smooth quadric hypersurfaces of arbitrary dimension satisfy the Hasse principle. The Hasse principle fails in general. The first counterexamples of genus 1 curves to the Hasse principle were discovered by Lind [7] and independently shortly after by Reichardt [10] .
In this paper, we are interested in the following problems.
Problem 1 For each positive integer n ≥ 1, is there an infinite family of curves of genus n violates the Hasse principle explained by the Brauer-Manin obstruction?
explained by the Brauer-Manin obstruction. The arithmetic family of curves of genus 3 in [4] is also that of forms of degree 4; hence, it confirms Problem 1 for n = 3 and Problem 2 for n = 4. Notably, for each positive integer n ≥ 2, Coray and Manoil [3] construct one hyperelliptic curve of genus n violating the Hasse principle explained by the Brauer-Manin obstruction. More precisely, Coray and Manoil show that the family of hyperelliptic curves of varying genus n ≥ 2 with fixed coefficients defined by z 2 = 605 · 10 6 x 2n+2 + (18x 2 − 4400)(45x 2 − 8800), for any integer n ≥ 2, violates the Hasse principle explained by the Brauer-Manin obstruction. Some results of Problem 2 for odd positive integers n are known. Fujiwara and Sudo [5] construct several forms in three variables of degree 10m + 5 for any positive integer m ≥ 1,
violating the Hasse principle for primes p ∈ P . Here P is the set of primes satisfying certain conditions; for example, P contains 17. However, it is not clear whether or not the set P is infinite and that there is a Brauer-Manin obstruction to the Hasse principle for rational points on the forms above. We are concerned in this paper with confirming Problem 1 for any positive integer n ≥ 2 and Problem 2 for any positive integer n with n ≡ 2 (mod 4). Our main results in this paper are the following. Let C be the smooth projective model of the affine curve given by
Then C is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction.
The genus of C in the above theorem is n. THEOREM 1.4 Assume (A1) and (A2) in Theorem 1.2 and assume further that n = 2k with k ≥ 1. Let α ∈ Q be a non-zero rational number such that the following are true.
Let X be the form of degree 4k + 2 in P 2 Q defined by
Then X is a counterexample to the Hasse principle explained by the Brauer-Manin obstruction. REMARK 1.5 In [4] , the author constructs an arithmetic family of genus 1 quartic curves violating the Hasse principle explained by the Brauer-Manin obstruction. Hence, Theorem 1.2 together with the author's previous results in [4] gives an affirmative answer to Problem 1 for any positive integer n ≥ 1.
We will prove Theorem 1.2 in Section 2. In Section 3, we will show that there are infinitely many quadruples (p, q, d, m) satisfying conditions (A1) and (A2) in Theorem 1.2; hence, it follows that, for each positive integer n ≥ 2, there is an infinite arithmetic family of hyperelliptic curves of genus n violating the Hasse principle explained by the Brauer-Manin obstruction. We will prove Theorem 1.4 in Section 4 and finally, in the same section, we will show that, for any positive integer k ≥ 1, there are infinitely many algebraic and arithmetic families of forms of degree 4k + 2 in P 2 Q violating the Hasse principle explained by the Brauer-Manin obstruction.
The Hasse principle for certain hyperelliptic curves
In this section, we will prove Theorem 1.2. We begin by proving the following lemma. 
Proof . We will prove that there is a Zariski open covering {U i } of C such that A extends to an element of Br(U i ) for each i. Equation (1) can be rewritten in the form
Hence, it follows from the identity above that A + B = 0. Further, we see that A − E = (p, x 2 ) = 0. Hence, since A, B and E belong to the 2-torsion part of Br(Q(C)), we deduce that A = B = E.
Let U 1 be an open subvariety of C in which the rational function f := d(p + d)x 2 − q has neither a zero nor pole and let U 2 be an open subvariety of C in which g := pm 2 (p + d)x 2 − dq has neither a zero nor pole. Then, since A = B, A is an Azumaya algebra on U 1 and also on U 2 . We prove that in the affine part of C, the locus where both f and g have a zero is empty. Assume the contrary and let (X, Z) be a zero of f and g. Then, it follows that
and hence we deduce that
By (A2) and the above identity, we see that q = d 2 + pm 2 = 2pm 2 , which is a contradiction since q is a prime. 
Thus, h is regular and non-vanishing at the points at infinity on C. Let U 3 be an open subvariety of C in which the rational function h has neither a zero nor pole. Then, since A = E, we deduce that A is an Azumaya algebra on U 3 .
By what we have shown, it follows that C = U 1 ∪ U 2 ∪ U 3 . Since A is an Azumaya algebra on each U i for i = 1, 2, 3, we deduce that A belongs to Br(C), proving our contention. Proof . Suppose that l is an odd prime such that l dp. Then we know that at least one of p, d and dp is a square in Q × l . Hence, it suffices to consider the following cases.
We know that the curve C * defined by
is an open subscheme of C. We see that the point
We consider the following system of equations:
We see that
Hence, the point P 2 = (1, 0) satisfies (4). Thus, by Hensel's lemma, C is locally solvable at p. Case 3. l is an odd prime dividing d. By (A2), we see that q ≡ pm 2 (mod l). Hence, we deduce, from (A1) and (A2), that
Thus, by Hensel's lemma, C is locally solvable at l.
l is an odd prime such that dp is a square in Q × l . By (A2), it follows from (1) that the point
√ dp) belongs to C(Q l ). Hence, C is locally solvable at l.
We see that the point
. Therefore, in any event, C is everywhere locally solvable. Now we prove Theorem 1.2.
Proof of Theorem 1.2
By Lemma 2.2 we know that C is everywhere locally solvable. Hence, it suffices to show that
. Then, by Lemma 2.1, we know that A is an Azumaya algebra of C. We will prove that, for any point
Note that q ≡ d 2 (mod p) and hence q is a square in Q × p . Since p ≡ 1 (mod 8), it follows from the quadratic reciprocity law that p is a square in Q × q . Suppose that l = 2, q, ∞ or that l is an odd prime such that l = p and p is a square in Q 
Suppose that l is an odd prime such that l = p, q and p is not a square in Q × l . We consider the following cases.
Hence, it follows from (1) that
Multiplying both sides of the above identity by l −2(n+1) , one obtains that
Since < 0 and = v l (x) ∈ Z, we see that ≤ −1. Hence, −2 ≥ 2. Thus, since
Since n ≥ 2, it follows that 1 − n ≤ −1. Hence, since ≤ −1, we see that 2(1 − n) ≥ 2. Thus, we deduce that
Modulo l equation (6), we deduce that
, which is a contradiction. Therefore, in any event, if l is an odd prime such that l = p, q and p is not a square in Q × l , then inv l (A(P l )) = 0. Suppose that l = p. We contend that v p (x) ≥ 0. Assume the contrary, i.e. v p (x) = < 0. Since = v p (x) ∈ Z, it follows that ≤ −1. We see that
Hence, it follows from the above inequalities that
Since n ≥ 2 and ≤ −1, one can check that 2 (1 − n) ≥ 2 and hence
Thus,
Hence, it follows from the above inequality and from (1) , that
which is a contradiction since the left-hand side is an even integer, whereas the right-hand side is odd. This contradiction implies that v p (x) ≥ 0. Since q ≡ d 2 (mod p) and v p (x) ≥ 0, we see that
Hence, since d is a quadratic non-residue in F
Thus, since A = B where B is the quaternion algebra (p, pm
Therefore, by what we have shown above, l inv l A(P l ) = 1 2 for any (P l ) l ∈ C(A Q ), and hence C(A Q ) Br = ∅, proving our contention.
Infinitude of the quadruples (p, q, d, m)
In this section, we will prove that there are infinitely many quadruples (p, q, d, m) satisfying (A1) and (A2) in Theorem 1.2. Hence, by Theorem 1.2, we deduce that, for each positive integer n ≥ 2, there is an infinite arithmetic family of hyperelliptic curves of genus n violating the Hasse principle explained by the Brauer-Manin obstruction. We recall the following definition in [6] . 
Then it is clear that P (x, y) is irreducible in Q[x, y] and depends essentially on x and y. Expanding P (x, y) in the form ax 2 + bxy + cy 2 + ex + fy + g and comparing the coefficients of P (x, y), we see that a = 4p 2 n 2 , b = 0, c = 4p, e = 4pnd 0 , f = 0 and g = d Let C (17,281,3,4) ,n be the smooth projective model of the affine curve defined by C (17, 281, 3, 4) ,n :
Then, by Theorem 1.2, for any positive integer n ∈ A 1 , C (17, 281, 3, 4) ,n violates the Hasse principle explained by the Brauer-Manin obstruction. Here A 1 denotes the subset of integers defined by
Similarly, let (q 2 , d 2 , m 2 ) = (661, 7, 6). Then one can check that the quadruple (p, q 2 , d 2 , m 2 ) satisfies (A1) and (A2) in Theorem 1.2. Let C (17, 661, 7, 6) ,n be the smooth projective model of the affine curve defined by C (17, 661, 7, 6) ,n : z 2 = 7 427 657x 2n+2 + (168x 2 − 661)(14 688x 2 − 4627) for n ≥ 2.
Then, by Theorem 1.2, for any positive integer n ∈ A 2 , C (17, 661, 7, 6) ,n violates the Hasse principle explained by the Brauer-Manin obstruction. Here A 2 denotes the subset of integers defined by
we have just shown that, for any positive integer n ≥ 2, at least one of the curves C (17, 281, 3, 4) ,n and C (17, 661, 7, 6) ,n of genus n violates the Hasse principle explained by the Brauer-Manin obstruction.
Algebraic families of forms of degree 4n + 2 violating the Hasse principle
In this section, we will prove Theorem 1.4 and hence, as a corollary, we construct infinitely many forms in three variables of degree 4k + 2 violating the Hasse principle explained by the Brauer-Manin obstruction. Assume that there is a k-morphism :
Now we prove Theorem 1.4.
Proof of Theorem 1.4
First, we prove that X is everywhere locally solvable. A straightforward computation tells us that the points
√ dp) lie on X . For any odd prime l such that l dp, we know that at least one of p, d, dp is a square in Q × l . Hence, we deduce that at least one of the points Q 1 , Q 2 and Q 3 belongs to X (Q l ). Thus, X is locally solvable at each odd prime l such that l dp. Therefore, it remains to consider the following cases.
Case 1. l = ∞. We see that the point Q 1 defined above belongs to X (R); hence, X is locally solvable at ∞.
Thus, the point Q 1 also belongs to X (Q 2 ). Case 3. l = p. We consider the following system of equations:
Here
where H (x, y, z) = (Ax 2k + By 2k + +Cx k y k + Dz 2k ) 2 . We see that
Since α ∈ Z p , it implies that the coefficients of H and ∂H /∂x are in Z p . Hence, since q ≡ d 2 (mod p), we deduce that
Thus, by Hensel's lemma, X is locally solvable at p. Case 4. l is an odd prime such that l divides d. We keep the same notation as in Case 3 and consider the following system of equations:
Since α ∈ Z l , it follows that the coefficients of H and ∂H /∂x are in Z l . Hence, since q ≡ pm 2 (mod l), we see that
Thus, by Hensel's lemma, X is locally solvable at l.
Therefore, by what we have shown above, X is everywhere locally solvable. Now we prove that X (A Q ) Br = ∅. Let C be the smooth projective model defined in Theorem 1.2 and let : X −→ C be the rational map defined by
.
Then it follows that Dz 2k+1 = 0. Hence, since D = 0, it follows that x = y = z = 0. Thus, is regular at every point of X (Q). Therefore, is a Q-morphism. We know, from Theorem 1.2, that C(A Q ) Br = ∅. Hence, it follows, from Lemma 4.1, that X (A Q ) Br = ∅, proving our contention.
Algebraic families of forms in three variables violating the Hasse principle
Let p be a prime such that p ≡ 1 (mod 8) and let (q, d, m) be a triple of integers satisfying (A1) and (A2) in Theorem 1.2. Theorem 1.4 says that, for any positive integer k ≥ 1, if we can find a rational number α satisfying (A3) and (A4), then there is a corresponding form X of degree 4k + 2 parameterized by α, violating the Hasse principle explained by the Brauer-Manin obstruction. Hence, for any positive integer k ≥ 1, in order to construct infinitely many algebraic families of forms in three variables of degree 4k + 2 violating the Hasse principle explained by the Brauer-Manin obstruction, we need to find a rational function P (t) ∈ Q(t) such that it parameterizes rational numbers α satisfying (A3) and (A4). This can be done using the following lemma. (P1) a i − b i P (t) = 0 and P (t) = 0 for i = 1, 2, 3 and for all t ∈ Q; (P2) P (t) ∈ Z l for any l ∈ S.
Proof . By the Chinese Remainder Theorem, there exists an integer such that is a quadratic nonresidue in F × l for each prime l ∈ S. Let p 0 be an odd prime such that p 0 ∈ S and a i , b i ≡ 0 (mod p 0 ) for i = 1, 2, 3. We will show that the rational function P (t) ∈ Q(t) defined by
satisfies (P1) and (P2) in Lemma 4.2 for all t ∈ Q. Note that, since is not a square, t 2 − p 2 0 = 0 for all t ∈ Q. Hence, P (t) is well-defined for all t ∈ Q. Furthermore, it is clear that P (t) = 0 for all t ∈ Q. Assume that a 1 − b 1 P (t) = 0 for some t ∈ Q. We consider the following cases.
Case 1. a 1 = 0. Then it follows that b 1 P (t) = 0. Hence, since b 1 = 0, we imply that P (t) = 0, which is a contradiction. Thus, if
Case 2. a 1 = 0. Since a 1 = 0 and a 1 ∈ Z, we see that max(1,
where sign(·) denotes the usual sign function. Hence, we deduce that t ∈ Z and, thus, it follows from the identity above that
Thus, p 0 divides sign(a 1 ) max(1, |a 2 |) max(1, |a 3 |)b 1 , which is a contradiction to the choice of p 0 . Therefore, a 1 − b 1 P (t) = 0 for all t ∈ Q. Similarly, we can show that a i − b i P (t) = 0 for all t ∈ Q where i = 2, 3. Thus, P (t) satisfies (P1). Now we prove that P (t) satisfies (P2). Assume that P (t) ∈ Z l for some l ∈ S and t ∈ Q. Hence,
Thus, since max(1,
we deduce that
Assume that t = t 1 /t 2 for some integers t 1 , t 2 such that t 2 = 0 and gcd(t 1 , t 2 ) = 1. Then, by (9), we have 2 (mod l), which is a contradiction to the choice of . This contradiction implies that, for any prime l ∈ S, P (t) ∈ Z l for all t ∈ Q, proving (P2). Therefore, our contention follows.
Using Lemma 4.2, we prove the following result. 
Then, by Theorem 1.4, we deduce that the algebraic family (X 
. Assume first that k is odd. Then we deduce that b 3 ≡ 1 + 2 k − 2 k ≡ 1 ≡ 0 (mod 5). Assume that k is even, say 2h for some integer h. Then it follows that b 3 ≡ 1 − 2 2h − 2 2h ≡ 1 − 2 2h+1 (mod 5). We contend that b 3 ≡ 0 (mod 5). Otherwise, 1 ≡ 2 2h+1 (mod 5) and hence 2 ≡ (1/2 h ) 2 (mod 5), which is a contradiction to the fact that 2 is a quadratic non-residue in F × 5 . Thus, in any event, b 3 ≡ 0 (mod 5). Therefore, we can take = 5 and p 0 = 5. Define the rational function P (t) ∈ Q(t) satisfying (P1) and (P2) in Lemma 4.2 as follows: 
P (t)
d. Thus, it follows immediately that A = 0 and B = 0. Let X
